For completeness, we also give the IAPWS melting-pressure equation for ice III, which is slightly adjusted to agree with the ice Ih melting-pressure equation at the corresponding triple point, and the unchanged IAPWS melting-pressure equations for ice V, ice VI, and ice VII.
¼ property of water vapor at the sublimation-pressure curve þ ¼ property of ice Ih at the sublimation-pressure or melting-pressure curve þþ ¼ property of liquid water at the melting-pressure curve id ¼ property in the ideal-gas state Ih ¼ property of ice Ih (solid phase "S" in Fig. 1 ) vap ¼ property of water vapor (gas phase "G" in Fig. 1 1. Introduction Figure 1 shows the phase-boundary curves of water in a p-T diagram. This article presents new equations for the calculation of pressures along the sublimation-pressure curve and the melting-pressure curve of ice Ih. These curves are plotted in bold in Fig. 1 .
In 1993, IAPWS issued a "Release on the Pressure along the Melting and Sublimation Curves of Ordinary Water Substance;" the corresponding article was published in 1994. 1 These empirical equations were fitted to relatively old experimental data for the sublimation-pressure curve and for the several sections of the melting-pressure curve; see Fig. 1 4, 5 In order to make the equations for the sublimation and melting pressures consistent with the IAPWS-95 formulation and the ice Ih equation of state, new correlation equations for the sublimation pressure and melting pressure of ice Ih were developed. In addition, the melting-pressure equation of ice III was slightly modified to make it consistent with the All of these equations are also given in the corresponding IAPWS Release. 6 Since the (normal) vapor-liquid-solid triple point, where the solid, liquid, and gas phases of water are in equilibrium (see Fig. 1 ), is of importance for the topics considered in this work, its temperature and pressure values are given here. The temperature is defined in the International Temperature Scale of 1990 (ITS-90) 7 to be
Based on the widely accepted measurements of Guildner et al., 8 the triple-point pressure is
The relative uncertainty of the triple-point pressure amounts to 0.0016%. These uncertainties correspond to an expanded uncertainty at the k ¼ 3 level (three times the standard uncertainty).
Both 
The difference between the pressure values given by Eqs.
(1b) and (1c) is extremely small and well within the experimental uncertainty.
Input Data for the Development of the New Equations
The input data for the new equations for the sublimation pressure and the melting pressure for ice Ih were determined by applying the phase-equilibrium condition between the two phases in thermodynamic equilibrium along the sublimationpressure curve and the melting-pressure curve, respectively.
Input data for the sublimation-pressure equation
The input data for the development of the sublimationpressure equation were determined from the phase-equilibrium condition at the sublimation-pressure curve, namely
where g þ is the specific Gibbs energy of ice Ih at the sublimation-pressure curve and g 00 is the specific Gibbs energy of gaseous water (water vapor) at the sublimationpressure curve. The quantity g þ is calculated from the equation of state for ice Ih, 4, 5 and g 00 is calculated from the IAPWS-95 formulation. 2, 3 For given values of temperature, the corresponding sublimation pressure, p subl , was determined from Eq. (2) by iteration; the iteration tolerance for equality of specific Gibbs energy was set to 10 À8 kJ kg
À1
. In this way, values for the sublimation pressure were calculated from the temperature of the triple point, T t ¼ 273.16 K, down to 130 K. This is the lowest temperature for which the specific Gibbs energy can be calculated from IAPWS-95, because the range of validity of the equation for the isobaric heat capacity in the ideal-gas state, used in IAPWS-95, extends down only to 130 K. Table 1 lists some examples for the sublimation-pressure input data obtained from the procedure described above for the temperature range from 273 K down to 130 K. These data also illustrate the magnitudes of the sublimation pressures over this range. The complete set of input data used for the development of the sublimation-pressure equation contained about 250 points. The temperature and pressure values at the triple point were not included in the input data, but were taken into account by a constraint (see Sec. 3). 
043103-3 SUBLIMATION AND MELTING PRESSURE OF ICE
The input data for the temperature range from 125 K down to 30 K were taken from Table 4 in the article of Feistel and  Wagner. 9 There, the sublimation pressures were also determined by evaluating the phase-equilibrium condition, where g þ was again calculated from the equation of state for ice Ih, 4,5 but g 00 was calculated from the equation of state for the ideal gas in connection with the ideal-gas isobaric heat capacities derived by Woolley 10 at multiples of 10 K. The use of the equation of state for the ideal gas introduces no significant uncertainty for the input data in this range, because at these extremely small pressures there is practically no difference between the thermodynamic properties of "real" water vapor and of water vapor considered as an ideal gas. [After this work was completed, an extension of the ideal-gas part of IAPWS-95 was developed for temperatures from 50 K to 130 K. 11, 12 Thus, the input data for the sublimation pressure at lower temperatures could be calculated in the same way as was done for the range from 130 K to 273.16 K. However, tests have shown that data calculated in that manner would be negligibly different from the input data used here.]
Input data for the melting-pressure equation for ice Ih
The input data for the development of the meltingpressure equation for ice Ih were determined from the phaseequilibrium condition at the melting-pressure curve, namely g þ ðT; pÞ ¼ g þþ ðT; pÞ;
where g þ is the specific Gibbs energy of ice Ih at the melting-pressure curve and g þþ is the specific Gibbs energy of liquid water at the melting-pressure curve. The quantity g þ is calculated from the equation of state for ice Ih 4,5 and g þþ is calculated from the IAPWS-95 formulation. 2, 3 The evaluation of Eq. (3) was carried out by a procedure analogous to that described in Sec. 2.1 for determining the input data for the sublimation-pressure equation. The input data for the melting-pressure equation were calculated from the temperature of the vapor-liquid-solid triple point, T t ¼ 273.16 K, down to 251.165 K, the temperature of the ice Ih-ice III-liquid triple point. Table 2 lists some examples for the melting-pressure input data obtained from the procedure described above for the temperature range from 273 K down to 251 K. These data also illustrate the magnitudes of the melting pressures over this range. The complete set of input data used for the development of the melting-pressure equation contained more than 200 points. The temperature and pressure values at the triple point were not included in the input data, but were taken into account by the structure of the melting-pressure equation (see Sec. 4).
The New Sublimation-Pressure Equation
The previous IAPWS sublimation-pressure equation 1 contained two terms and was developed based on the experimental data of Douslin and Osborn 13 and Jancso et al. 14 Because the lowest temperature of these data was 194 K, this sublimation-pressure equation was only valid from the triple-point temperature of 273.16 K down to 190 K.
The new sublimation-pressure equation was developed based on two steps that have proved to be successful for establishing empirical equations for the calculation of thermodynamic properties. 2, 15, 16 These steps are the formulation of a convenient "bank of terms" and the application of the structure-optimization method of Setzmann and Wagner 17 to determine from the bank of terms the best combination of a selected number of terms. After several tests, a structure for the new equation was finally selected that is similar to the structure of reference-quality vapor-pressure equations, e.g., for water 2 and sulfur hexafluoride. 15 In these optimization steps, the respective equations were fitted to the sublimationpressure input data set described in Sec. 2.1. This procedure resulted in the following equation for the sublimation pressure of water:
where p ¼ p subl /p* and h ¼ T/T* with T* ¼ T t ¼ 273.16 K and p* ¼ p t ¼ 611.657 Pa; T t and p t are the temperature and pressure values at the triple point. The coefficients a i and exponents b i are given in Table 3 . Equation (4) exactly reproduces the temperature and pressure of the triple point, Eqs. (1a) and (1b); this was achieved by taking into account the constraint, Table 1 ), the upper diagram illustrates that Eq. (4) represents these data to within 0.005% above and within 0.02% below 250 K. This is negligible in comparison to the uncertainty of the input data; see Sec. 3.2. The deviations of values calculated from the more complex seven-term equation of Feistel and Wagner 9 are shown for comparison. The lower diagram illustrates that Eq. (4) also represents the input data for the range between 50 K and 130 K to within the scatter of the data. It can be seen that the previous IAPWS sublimation-pressure equation 1 deviates significantly from all of the data and from Eq. (4). Figure 3 shows the deviations of experimental sublimation pressures measured very recently by Bielska et al. 18, 19 from the values calculated with Eq. (4). The differences are well within the uncertainties of the data given by the authors; except for four data points, the agreement is within 0.2%. These experimental data were not available at the time the new sublimation-pressure equation was developed. Considering this, it is notable how well Eq. (4) agrees with these new measurements 18, 19 (or vice versa). When taking into account the expanded uncertainty (k ¼ 2) of Eq. (4) (see Sec. 3.2) and the uncertainties of the experimental data (the error bars shown in Fig. 3 only correspond to the standard uncertainty k ¼ 1), it can be concluded that the sublimation pressures of H 2 O can (at the present time) be more accurately calculated than measured.
A comparison of sublimation-pressure data measured between 1965 and 2011 13, 14, [18] [19] [20] [21] [22] (only Weber's data 23 are much older) with the values from Eq. (4) is presented in Fig. 4 . These data cover a temperature range from 132 to 273.16 K. The upper diagram with a deviation scale of 620% shows that there are significant differences among the data of the various authors but also considerable scatter within the data of the same author. The differences between the data of Mauersberger and Krankowsky 20 and the values from Eq. (4) extend to about À35% at about 165 K, and the data of Bryson et al. 22 deviate from the equation values by more than 150% at about 132 K (not shown in the figure) . The lower diagram shows the data situation using a deviation scale of 61% (data with deviations greater than 1% were omitted). For temperatures from 255 to 273.16 K, the experimental sublimation pressures of Douslin and Osborn 13 and Jancso et al.
14 lie about 60.2% around the zero line, while the measurements of Bielska et al. 18, 19 completely agree with the values from Eq. (4); see also Fig. 3 . These new measurements significantly improve the situation of the experimental sublimation pressures. The expanded uncertainty in sublimation pressure according to Eq. (4) was estimated from the equations derived in the Appendix. For temperatures above 130 K, it is
and between 50 K and 130 K the equation reads
(5b) Figure 5 is the graphical illustration of the uncertainties from Eqs. (5a) and (5b).
The New Melting-Pressure Equation for Ice Ih
The previous IAPWS melting-pressure equation 1 for ice Ih contains two terms and was determined based on the experimental data of Bridgman 24 and of Henderson and Speedy. 25 The new melting-pressure equation was developed based on a procedure very similar to that used for the determination of the new sublimation-pressure equation, Eq. (4). Several tests showed that the basic mathematical form used for the terms of the previous equation was also most effective for the new melting-pressure equation. Based on this result, the structure-optimization method of Setzmann and Wagner 17 was again applied to determine the final equation. In these optimization steps, the respective equations were fitted to the melting-pressure input data set described in Sec. 2.2. This procedure resulted in the following equation for the melting pressure of H 2 O ice Ih:
where p ¼ p melt /p* and h ¼ T/T* with T* ¼ T t ¼ 273.16 K and p* ¼ p t ¼ 611.657 Pa; T t and p t are the temperature and pressure values at the vapor-liquid-solid triple point. The coefficients a i and exponents b i are listed in Table 4 . As a consequence of its structure, for T ¼ 273.16 K Eq. (6) yields exactly the pressure at the triple point according to Eq. (1b). The reason for selecting for the reducing pressure p* the triple-point pressure p t according to Eq. (1b) and not Figure 6 compares the melting-pressure values calculated from Eq. (6) (zero line) with the input data used for the development of this equation. These input data were calculated from the phase-equilibrium condition ice Ih-liquid (see Sec. 2.2) and cover the temperature range from 251.165 K up to 273.16 K (i.e., the range between the ice Ih-ice III-liquid triple point and the vapor-liquid-solid triple point); see Table 2 . The upper diagram illustrates that Eq. (6) represents these data to within 6 0.002% over the entire range of the melting-pressure curve for ice Ih. This small difference in pressure corresponds to about 0.5 mK in temperature (on average over the entire melting-pressure curve). These differences are negligible in comparison to the uncertainty of the input data, which produce the uncertainty of Eq. (6) as discussed below. From the lower diagram with a different deviation scale, it can be seen that the previous IAPWS melting-pressure equation 1 deviates significantly from Eq. (6). The same applies to the experimental melting pressures of Bridgman 24 and of Henderson and Speedy, 25 which were used for the development of the previous equation. More recent experimental melting pressures are given in graphical form in the articles of Grasset 26 and Grasset et al. 27 The numerical values of these data were provided by Grasset. 28 In addition to these sources, there are three papers [29] [30] [31] that contain one melting-pressure data point each, which are also plotted in Fig. 6 . As discussed for the sublimation-pressure equation, the uncertainty of Eq. (6) is clearly smaller than the uncertainty of the experimental data. On the other hand, all these experimental data agree with the values from Eq. (6) within their experimental uncertainty.
Range of validity: Equation (6) is valid for the entire melting-pressure curve of ice Ih, i.e., from 251.165 K to 273.16 K, from the ice Ih-ice III-liquid triple point to the vapor-liquid-solid triple point.
Estimate of uncertainty: The expanded uncertainty (k ¼ 2) of the melting-pressure equation for ice Ih is estimated to be 2% in pressure. 4 This is a conservative estimate that was carried out similarly to the estimation of the uncertainty for the sublimation-pressure equation, Eq. (4).
Melting-Pressure Equations for Ice III,
Ice V, Ice VI, and Ice VII
Although the IAPWS melting-pressure equations for ice V, ice VI, and ice VII are unchanged compared to the Release of 1993 and the corresponding paper, 1 they are included in this article for completeness. The IAPWS melting-pressure equation for ice III was slightly adjusted to agree with the ice Ih melting-pressure equation at the corresponding triple point.
Melting-pressure equation for ice III
Compared to the previous IAPWS melting-pressure equation of ice III, 1 the coefficient and the pressure p* were slightly modified to make Eq. (7) consistent with the melting-pressure equation of ice Ih, Eq. (6), at the ice Ih-ice III-liquid triple point; see Fig. 1 . The adjusted meltingpressure equation for ice III is
where p ¼ p melt /p* and h ¼ T/T* with T* ¼ 251.165 K and p* ¼ 208.566 MPa. The values for T* and p* correspond to the temperature and pressure at the ice Ih-ice III-liquid triple point, respectively, as shown in The IAPWS melting-pressure equations for these modifications of ice are unchanged compared to the Release of 1993 and the corresponding paper; 1 they are included in this article for completeness.
Melting pressure of ice V (temperature range from 256.164 K to 273.31 K): 
where p ¼ p melt /p* and h ¼ T/T* with T* ¼ 273.31 K and p* ¼ 632.4 MPa. Melting pressure of ice VII (temperature range from 355 K to 715 K):
where p ¼ p melt /p* and h ¼ T/T* with T* ¼ 355 K and p* ¼ 2216 MPa. Note: The upper value of the temperature range of Eq. (10) corresponds to the highest temperature for which measurements exist and not the end of the melting curve of ice VII.
Equations (8) to (10) are constrained to fit the experimental temperature and pressure values of the relevant triple points given in Table 5 .
Range of validity and estimates of uncertainty of the equations
Equations (8) and (9) are valid for the entire range of the solid-liquid equilibrium for the ice form stated. Equation (10) only covers the range of the solid-liquid equilibrium for ice VII up to 715 K, as indicated.
The estimated uncertainties of the melting pressures calculated from Eqs. (8) to (10) are listed in Table 6 . Based on the relatively high uncertainties of the experimental melting pressures, the derivatives of Eqs. (8) to (10) could be subject to larger errors.
Computer-program verification
To assist the user in computer-program verification, Table 7 lists values for the pressures calculated from each of the equations at one temperature within its range of validity.
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Appendix: Uncertainty Estimate for the Sublimation-Pressure Equation
In the sublimation range of T and p, the specific Gibbs energy of water vapor can be estimated with sufficient accuracy by
where B(T) is the second virial coefficient, which may be estimated from IAPWS-95 2, 3 or from the correlation of Harvey and Lemmon. 32 The specific Gibbs energy of ice Ih can be estimated by a This is not the experimental triple-point pressure p t,exp , but was calculated to make, at this triple point, Eqs. (6) and (7) consistent with each other. The difference (p t,exp À p t,calc ) is 0.64% of the triple-point pressure, which is clearly within the 3% uncertainty of the experimentally determined triplepoint pressure.
24 TABLE 6 . Estimated uncertainties of the calculated melting pressures.
Equation
Equilibrium Uncertainty (7) ice III -liquid 3% (8) ice V -liquid 3% (9) ice VI -liquid 3% (10) ice VII -liquid 7% 
